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SUMMARY

A method of obtaining high frequency asymptotic expansions for time harmonic waves propagating in non uniform
waveguides is presented. Both ordinary asymptotic expansions, which are not valid near turning points, and uniform
expansions which are valid across turning points are presented for various types of boundary conditions. The cor-
respondance between these expansions and the asymptotic expansion of the exact solution of a “canonical problem”
is shown. A numerical example demonstrating the usefulness of this method is presented. This paper is a sequel to
reference [1].

1. Introduction

Inreference [ 1]which appeared in thisjournal, we presented a method for finding high frequency
asymptotic expansions for time harmonic waves in various guiding structures. This paper is a
sequel to [1], improving several of its results. The method consists of assuming a suitable
“Ansatz” for the solution of Helmholtz’s equation in certain “guiding” domains, subject to
linear homogeneous boundary conditions at the boundaries of that domain.

In Section 2 eqs. (2.1)-(2.3) the mathematical problem is stated. The requirement (2.3) is
essential from both theoretical and practical considerations. From a practical point of view,
if a waveguide is oversized, i.e. the crosssection dimensions are large compared to the wave-
length A, where

A=2n/K, (L1)

many modes will propagate. In that case the mode approach to the solution of the field is
inferior to the ray approach [ 2]-[4]. The mode approach becomes preferable when the number
of propagating modes is small, which is when the crosssection dimensions are of the order of
wavelength. This relation is expressed by (2.3). From a theoretical point of view, the expansion
in inverse powers of K which we assume in (2.8), (2.9 a, b) becomes meaningless if the expansion
-coefficients 4; and B; (i=0, 1, 2, ...) are functions of some power of K. It is not hard to show
that 4; and B, will be O (K°)if (2.3) is satisfied. After statement of the problem (which is more
general than in [1]) the formal solution is obtained. Special cases of the general boundary’
conditions (2.2) are the Dirichlet condition (Z;—o0) and the Neumann condition (Z;—0).
In spite of being simpler, they pose a certain difficulty. This problem is discussed and solved
in Section 3.

The asymptotic solutions of [1] and of Sections 2 and 3 are non uniform or “ordinary”,
since they break down in the vicinity of turning points of the equations (which are the cut off
points for some propagating mode). Following [5, 6], a uniform asymptotic expansion that
is valid across turning points (or cut off points) is introduced in Section 4.

It is generally hard to show that an assumed formal asymptotic series is indeed the asymptotic
expansion of the solution of a given boundary value problem for partial differential equations.
Only in very few special cases this has been done [6]. The usual way to gain confidence in
formal asymptotic expansions is to apply them to the solution of “canonical problems” whose
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90 P. Rosenau, B. Rulf

exact solution is known, and compare the asymptotic solution with the asymptotic expansion
of the known exact solution. We have done that in Section 5. Finally, to show the usefulness
of our method, we have calculated the first term of the asymptotic solution (both “ordinary”
and “uniform”) of an example which cannot be solved exactly in any known way. The results
are given in Section 6.

In this paper we deal with two dimensional problems only. This was done in order to facilitate
the somewhat cumbersome calculations. Generalization of the results to three dimensions is
not difficult, as was shown in [1].

2. Ordinary Asymptotic Expansion For Impedance Boundary Conditions

We look for solutions to the following problem :
[V2+K?n?*(x)]U(X)=0 XeR', n(x)eC', (X=(x,Y)), (2.1)

where R’ is the region bounded by two given functions Y = H,(x) and Y = H,(x) (See Fig. 1 on
page 104). The boundary conditions are

ou .
I iKZ,(x)U=0on Y=H;(x), j=12. (2.2)

V2 =0%/0Y*+0%/ox*
and 0/dv stands for differentiation in the direction of the normal to H;.

In order that R! be a “waveguide”, H, and H, must not intersect, i.e. H; > H,. In addition we
require that

sup (H; —H,)=0(K™1). (2.3)

Actually we assume that H, — H,=K ' F(x).If H; — H,=G(x; K~ ') we expand G in inverse
powers of K and the problem is solved in the same way. Z;(x) are given functions, sometimes
called “surface impedance”.

Eq. (2.2) can be rewritten as

8H, oU .
[Uy— 5—;5} iKZ;UD,=0 on Y=H(x), j=1,2, (2.4)

where
OH\?*
n-n -+ (3]

We now introduce the following change of variables:

KY=y; KHj=h;; U(x, Y)=u(x,y), R'-R. . (2.5)
Under this change of variables our problem becomes
Llu]=[0*/6x*+K20*/0y* + K*n*(x)Ju=0,  V(x,y)eR (2.6)
ou dh; ou
2 —_— i . . — -——!‘ —_— = = . .= 7
K [ay + lZJD]y] T 7x 0ony=hix), j=12. (2.7)

We may assume now without loss of generality that the solution u of the boundary value
problem (2.6) and (2.7) has the form

=+, = {4 sin[q(x): (y—hy (x))]+ B sin[g(x)- (v~ b5 (x))]} - €. (2.8)

We assume that each part of the sum (2.8) satisfies eq. (2.6). We denote for brevity: ¢;=
q(x)(y—h;(x)),j=1, 2, and assume that A(x, y), B(x, ), in (2.8) have the following asymptotic
expansion :
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An asymptotic theory of guided waves (1) 91

e}

Al 3) ~ Aofx) + 3 Ans ) IK) " (292)
B(x,3) ~ Bols) + 3. Ba(x.3)(1K) " (29b)

With Al’ Ble CZ l=0, ]., 2, fee e
Evaluating the necessary derivatives appearing in (2.6), (2.7) we get:

u, = % = [(4 sin ¢+ B sin ¢,).+iKa, (A sin ¢, + B sin ¢,)] %™
52“ 2 2 : : . » .
Uex = 75 = {~K*(o,)*[A4sin ¢+ B sin ¢p,]+iK[20,(A4 sin ¢, + B sin ¢,),+

+0x(A sin ¢ + B sin ¢,), ]+ K°(4 sin ¢, + B sin ¢,),,} €5 .

0 . . .

u, = % = [4, sin ¢; + B, sin ¢, + Aq(x) cos ¢, +Bg(x) cos ¢,] e
*u . .

Uy, = e = [A4,,sin ¢, + B, sin ¢, +2A4 q(x) cos ¢, +

+2B,q (x) cos ¢, —Ag? (x) sin ¢4 ~ Bq? (x) sin ] Ko

The boundary value problem becomes:
L{u]=¢*" [KZ {[nz—(a,)z—qz] (A sin ¢, + Bsin ¢,) +

1 e, ., 1 ot
“n qblg};(Ay sin d)l)’ + m@(By sin d)z)}-l-

+ iK[20,(A sin ¢, + B sin ¢;),+0,.(A4 sin ¢, + B sin ¢,)] +

+ (A sin ¢y +Bsin ¢;),,. [ =0. . (210)
Substituting (2.8) into (2.7) we get

K?[(A, sin ¢, + B, sin ¢,)+q(A4 cos ¢+ B cos ¢,) +

. . dh; . .
+ iZ;Dj(Asin ¢, +Bsin ¢,)]—iKo, Ej(A sin ¢, + B sin ¢,) +

h.
- %(A sin ¢, +Bsing,), =0, on y=hi(x) j=12. (2.11)

We use (2.9) in (2.10) and (2.11), and equate separately to zero the coefficients of each power of
K. Equating to zero the coefficient of K in (2.10) yields

[n*(x)~(0x)* ~ 4" (x)](4 sin ¢, + B sin ¢) =0,
since A, and B, are O(K~'). Thus, since (4 sin ¢, + B sin ¢,)#0,

(O_x)z — n2 _qz = NZ . (2.123.)
From eq. (2.11) we get similarly

i Ag+fiBy=0 for y= h,(x)
and

LAg+ 2By =0 for y=h,(x)
where
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ll=qCOS¢1+ile1 Sin¢1, f1=qCOS¢2+iZID1 Sind)z
12 = q COS d)l +lZzD2 Sin ¢1 3 fz = q COS ¢)2+iZ2D2 SlIl ¢2 .
Hence

l A
(1 fl)-("):o, (2.13a)
l, f/ \Bo
The last relation implies that the determinant of the matrix is equal to zero:

M = det <Z 2) = 0. (2.13b)

The form of 1, ,, fi, f> on the boundaries is seen to be:

on y=hy(x)
Li=q(x), fi(x)=q{x)cosq(x)y+iZ; D, sin g(x)y
on y = hy(x)
I, = q(x)(hy~h)—iZ, D, sinq(x)y, fo=q(x),

where y(x)=h, (x)—h,(x).
The determinant (2.13) may be solved, yielding

q2~ZIZZD1DZ

") Z.5,-7,D,

= —[g(x)7(x)] cot[g(x) 7(x)] - (2.13¢)

Note that D;=1+0(K~?), compare with (2.3). Thus for purposes of calculating 4,, 4;,
By, B, only, we may take in (2.13a) D;=1, j=1, 2. Eq. (2.13c) is a transcendental equation for
the determination ofg(x): Dj, Z;, h;(j=1, 2)are given functions of x. Solving (2.13c)numerically
on a set of points x={x,}, we determine from it the given eigenvalues g,=q;(x,) (i=1,2, 3...).

Once the eigenvalues g; are found, they are substituted back into eq. (2.12), yielding a “modal
eiconal equation” for each eigenvalue. The “equivalent refractive index” N is different for each
mode. Obviously N?(x) is positive only for a finite set of eigenvalues g; (i=1,2, ..., m). These
are the propagating modes. All other modes will yield an imaginary ¢ and correspond to
evanescent modes.

The solution of (2.12) is standard. In two dimensions we get immediately:

o,(x) = j [P() =g, Fdx  j=1,2...m. (2.12b)

In the special case when hy(x)=—h,(x)>0, similar results were obtained [1]. However,
(2.13c) is replaced by a simpler relation: (yh) tan{yh)=DZh, where h=h, and y(x)=¢(x)/y.

The equations for the determination of the coefficients 4,, and B, are obtained by equating
to zero the coefficients of K" (n=1,0, —1, —2, ...). When we equate to zero the coefficient of
K! in (2.10) we get:

1 0 . . .
sn ¢, dy (A, sin®¢,) = 26, [A4(x) sin P11xt 0xxAo(x) sin @y, (2.14a)
1 0 - . .
5 2 (B 07 62) =20, [Bo ) sin 9], 02, Bo ) in 6. (2.14b)
The separation between 4,, and B,, is possible since L[u;]=0 and L[u,]=0 separately (see
eq. (2.8)).

Multiplying (2.14a) and (2.14b) by sin ¢, and sin ¢, respectively, and integrating (2.14a)
from y to h,(x) and (2.14b) from h,(x) to y, we get:
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An asymptotic theory of guided waves (1I) 93

. 0 sin 2¢
Ay (x, y)=%sin"2 ¢, (O'xon+2°'xA0x+°'on 6_x> [(]'11 (x)—y) + 2q(x)1:| (2.15a)
. 0 sin 2¢
By, (x,y)= —%sin"?¢, (axxB0+2d)xB0x+axBo 5;) [(hz(x)—y) + 2q(x)2:i . (2.15b)

It can be easily seen (by L’'Hospital’s Rule) that 4, is regular as y—4,, and By, is regular as
y—h,. We integrate (2.15a, b) indefinitely in y, to obtain:

Ay (x, y) = Fo (x, y)+ f1 (x) (2.16a)
By (x, )= Go(x, y)+g1(x) (2.16b)
where g, (x) and f1 (x) are still unknown functions in x. G, and F, are given by:
F ('x y A [y h ( ] ’ I:UxxA0+2axA0x - %GxAO:i cot ¢1 +
+ 0o [ L (- hu)P = -y ()] (.172)

1 ’
Golx,y) = — 3 y—h,(x)]- IErxxB0+2axB0x - %oxB(J cot p, +

t 0.B, [g-q (y—hz(x))Z—th@—hz(x))] - @217b)

Hence 4, and B, could be calculated if we know Ao, By, f1, g; and o(x). Each eigenvalue g;
corresponds to a different o; and respectively to different A,;, By;, A,; and By ;. The whole
asymptotic solution up to some order in K will be obtained by summing all the propagating
modes.

To obtain A,(x) and B,(x) we equate to zero the coefficient of K' in (2.11). We get:

By, (x,h11)+By(x, hy)[q cot(qy)+iZ, D: ]+ Ay (x, hy) n‘éqy) + o.hBy(x)=0, (2.182)
Ay, (x, hy)+ Ay (x, hy)[g cot(—qy)+iZ,D,]+ By (x, hﬁﬁy_) + o.hy Ag(x)=0.
(2.18b)
Using Eq. (2.13a) we have an additional relation between A, and B, :
Ay(x) iZ,D, |
= — COs — sin . 2.19
By (%) (@) () (2.19)

Now we substitute By, By, 44,, 4,, as given by (2.15) and (2.16), into (2.18a, b). To substitute
Ao, and By, we take the x derivative in (2.19). Eq. (2.18),(2.19) and its derivative are in the form :

Ao(x)=2(x)Bo(x) and  Ap(x) = e (x)Bo+a(x) By(x)

alB0+b1B/0+Clgl+d1A0+elA/0+r1fl = 0

‘ ‘ (2.20)
azBo+szo+ngl +d2A0+ezA0+r2fl = 0

where a;, b;, c;, d;, e;, 7; (j=1, 2) are known functions of x [see details in Appendix A]. Using

(2.13), Eqs (2.20) are solvable and we get ordinary differential equation for By (x):
d
~ 7 Bo(x)=Bo(x) D(x) (2.21)
where D(x) is given in Appendix A. Solving (2.21) we get from (2.19) A, (x). Thus A, (x) and
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94 P. Rosenau, B. Rulf

By(x) are known. To find the further expansion coefficients A4,,, B,, (m=2,2 ...) we have to
equate to zero the coefficients of K™™ (m=0, 1, ...) in (2.10), (2.11) and use A4,,-,, 4,,-, and
Bm— 1: Bm— 2. 7

Once A, and B, are known we have B, and 4, from eqgs. (2.17a, b). However, the additive
functions g, and f; are still unknown and have to found from the boundary conditions on
AZ, BZ.

3. Dirichlet Boundary Condition

We define a similar problem to that of Section 2 but with the condition =0, i.e. Dirichlet’s
conditions on the boundaries éR. The asymptotic expansion of an exact solution solved in
Section 5 serves as a model for an Ansatz. We show that the choice of a suitable Ansatz is not
obvious. We may be able to find the first term in the asymptotic series, but higher terms turn
out not to be twice differentiable and therefore do not satisfy the P.D.E. itself, and constitute
rather a weak solution. This may indicate a coupling between the modes, a well known phe-
nomena in wave guides whenever the surfaces are not two parallel planes. For the sake of
simplicity we take H, (x)=0, and n(x)=1. We introduce the change of scale as in (2.5), and get

%u o?

L[u]=5)-67+K2 [WJrlJu:O, —o<x<o, 0Lysh(x), (3.1
and

u(x, 0) =u(x, h(x))=0. (3.2)
We assume first a solution of the form

. . (BTYN ik

=A ; —= ) gkel0 =12... .
u(x, y) = A(x, y; K) sin (h(x)) ¢ n=1, (33)

This form automatically satisfies the boundary conditions (3.2), thus we have only to take care
of the P.D.E. (3.1).
We assume the same asymptotic expansion for A as in Section 2, namely:

A6y K)~ Ao(9) + Y A ) (K)™, (34)

m=1
with
A eC?,  j=0,1,2,... .

Using (3.3) and (3.4) in (3.1) we get a recursive set of differential equations:

: =1——nzt—2=N2 =1,2 35
O’x(x) h(X) = (X), n s 2,...D ( ) )
1 0 12 : .
sin ¢ . dy (A1, sin® ¢) =20, (A, sin @), + 0.4, sin ¢ (3.6)
Si; 5 % (Apny SIN? ) = 20 (A 1 SN B);+ 0z Apy_ 1 SID b+ (Ap_ 5 S0 D) (3.7)
where
nn

¢E~h(—x)y, mz2,

p is the number of propagating modes, i.e. for 1 £ n< p, N(x) is real. Solution of equation (3.5)
is standard (see eq. (2.12)). To solve (3.6) we note that (3.6) can be written as follows:

0 . d\ .
N (4, sin* @) = (2O'xA0x+ Aot a4 d—x> sinZ¢ . (3.8)
This equation can be integrated with respect to y between y=0 and y =h(x). Since sin ¢ =0
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An asymptotic theory of guided waves (11) 95

at both ends, we get:
2O-xAOxh+UxxA0h+UxAOh‘x= 0 . (39)
The solution of equation (3.9) is:

Aal0) = o) | SR 310

where N (x) is defined by eq. (3.5).

The fact that our analysis fails near the cut off of a mode is seen by the fact that N—0, at
such points. (In the problem of Section 2 this is not so obvious, and some calculations have to be
done to see explicitly the manner in which A4, tends to infinity in the vicinity of the cut off of a
mode).

Having calculated A, we return to (3.6) whose right-hand side is now a known function. In
order to calculate 4, we rewrite (3.8) as follows

1 92
~—— —(Z sin® =F(x,y). ’ 3.11
i @ s @) =Fx) B1)
The right-hand side of (3.11) is a known function, with Z = Ay, and a=nn/h(x).

Eg. (3.11) may be integrated directly;

1 y
Z= sin? (ay) Lo
From (3.6) we see that F is of the form F =1 sin (ay}+ry cos(ay) thus (3.12) can be calculated
explicitly, yielding

: {l [(y—y") - ilg2(2£Tay*):| S F‘lg%@ ~y COS(2ayﬂ} : (3.13)

~ sin?(ay) 12 4a

with | and r known functions of x.

For the m-th mode, the sine function becomes zero (m+-1) times in our domain. 4, becomes
infinitely large there. With the help of y,, a constant of integration, we may exclude one “infinity
point” from A, ,. All we can do here, is to build a piece-wise continuous 4, ,, and A; will be piece
wise differentiable. There are infinity many ways to do it. One way may be to choose the dis-
continuity points at the zeroes of cos(ay), that is halfways between the jth and the (j+1)th,
(j=1, ... m+1) zero of sin ¢.

Ay(x, y) as obtained above violates the assumption that 4;e C?Vj. We may try, therefore,
to modify our Ansatz (3.3) as follows:

F(y')sin(ay')dy’ . (3.12)

u(x,y) = Aolx)sin (%) + A(x, y; K) e%o® (3.14)

where Aq(x) is given by (3.10) and A has the asymptotic expansion:

s

Ax, y; K) ~ ¥ Ajlx, ) (iK)™,

ji=1

with
A;eC* and  Aj(x,0)=A;(x, h(x))=0. (3.15)

The boundary conditions are satisfied automatically because of (3.15) and the recursive set
of equations is:

2
21 (Y g2

o (n (x)> 1—g?(x), (3.17a)

Alyy+q2A1 = 2ax(AO Sin ¢)x+0'xxAO Sin ¢ ’ (317b)

A2yy+q2A2 = - (zaxA1x+UxxA1)+(A0 Sin ¢)xx ? erc. (3170)
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Equations (3.17b) with boundary conditions (3.15) cannot be satisfied unless A, =0. This
statement may be easily verified. The Ansatz (3.14) which is quite general is not suited well to
solve the stated problem. The “weak™ solution obtained from (3.13) indicates most probably
that the modes (both propagating and evanescent) are coupled in such a way as to satisfy the
specified boundary conditions. Since we expanded the solution in an asymptotic series for
K — 0, the lowest order approximation is given by neglecting 4; for j = 1. Up to this order of
approximation the modes appear uncoupled.

4. Uniform Asymptotic Expansions in Thin Domains

The two solutions obtained in Sections 2 and 3 cease to exist in the vicinity of the cut off points
of a mode. Therefore to obtain asymptotic solutions valid in the whole region under consider-
ation, it is necessary to introduce uniform asymptotic expansious. (u. a. e.) [5, 6].

First we consider the Dirichlet problem (Section 3). Instead of (3.3), we assume a solution
of the form:

ut ) =sin (25} {8, y3 K)AL =K p 0]+ K7 Clo ys K AL -KFp(9] ) 01
where A4, is the Airy function which satisfies the differential equation
A7 (x)—xA4;(x)=0. 4.2)

A; and A; are linearly independent.
We assume that B and C have the following asymptotic expansions:

B(x7 y; ) BO Z B2] X, y)K_zj (433)

Jj=

C(x,y; K) Z Cajrq(x, y)K~H*D (4.3b)

(We will discuss this choice of Ansatz subsequently).
We need the following derivatives: (¢'=e,, A;=(3/0x)A;)

u, = (B sin @), A.—K%pr sin ¢A;+ K~ ¥(C sin ¢), 4+ Kpp, C sin ¢4,
u,= —K?*pp2Bsin ¢A + 2K pp,(C sin @), A;+ K (pp,), C sin ¢A;+ (B sin §), A;
—K¥pp2 Csin ¢pA;—2K? p, (B sin ¢), A;—K*¥p,. B sin pA;+
+KHC sin ¢).
y = By sin ¢A; + h( )Bcos PA+K *C,sin pAI+ K™ chos oA
bia 2
U,= s1nd)+2 ( )B cos ¢ — <h> Bsing A+
. nm\* .
+K'T[ , Sin ¢ +2 ( )C cos ¢ — <7T> Cs1n¢] A
where
nrw
P

Hence the operator takes the form:
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An asymptotic theory of guided waves (11) 97

L[u] = 4; [KZ{[I - (’%‘)2 . ppg] ‘Bsing + Siid)(%(By sin2¢)}
+ K [20p,(C sin ¢),+(pp.)C sin ¢]+ (B sin ¢>xx] +

+ K‘%A’DI:KZ{ [1 - <1’£—>2 - ppf:| Csin¢ + sT;Ea%(CY sin2¢)}
— K[29.(B 0 $)+poeB sin 61+ (C sin gl | = 0. (44)

Using (4.3a, b) in (4.4) and equating to zero coefficients of powers of K, we get a recursive set
of equations:

2
ppz=1~- (;%) = Ni(x), (4.5)
1 9 ., . .
sin g 3y (C1ysin® ) = 2p. (B, sin §),+p, Bo sin ¢ , (4.6)
eic.

The solution of (4.5) is:

R R A 2 By @)

Again, p is the number of propagating modes, i.e. for 1< n=p p,(x) is real. Although p,(x)
becomes zero at cut-off point of the n-th mode (x¢), p,.(xZ)#0. Indeed we have at x=x¢

i _ (i)

dx \ dx ’

dp, 3d (d}\ﬂ)‘f (4.8)
dx*  5dx \dx

X, may be obtained by solving the equation
N,(x)=0 or h(x)=nr. (4.9)

The relations (4.8) follow immediately by expanding p(x) in equation (4.5) in a power series
about the cut-off point and using p,(x;) =0. We see that although equation (4.5) is analogous
to the eiconal equation (3.5), there is an important difference : unlike o (x), p, does not vanish
at cut-off points, indicating a regular behaviour of B, (x) there. Indeed, to get B, (x) we multiply
(4.6) by sin ¢ and integrate it from y=0 to y=h(x). Since sin =0 at y=h we get

0=2prOxh+pxxBOh+pr0hxs (410)
therefore
hixg) pr(xo)]®
Bo(x) = Bof) | 201200 (@11)

Thus, by (4.8), B, (x) is regular at the cut-off point. Far away from such points the first term of
the uniform asymptotic solution behaves like the first term of the ordinary asymptotic solution.
One may see this by taking the first term in the asymptotic expansion of the Airy function far
from the cut-off point. This will be shown in Appendix B and explains why C,(x) has to be
taken identically equal to zero. As a consequence the specific form (4, 3a, b) of the asymptotic
expansion is assumed.

The next term in the expansion is C, (x, ). We see that eq. (4.6) is exactly the same as eq. (3.6)
and we shall obtain the same kind of “weak” solution. We may try to change the Ansatz (4.1)
to be:
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w=B(x,y, K) A(~K?p)+ K% C(x, y, K) Ai(— K p).. (412)
We assume again that B and C have the same asymptotic expansions (4.3a) and (4.3b) with
C2j+1(0, x) = Caj4 1 (1, x) = B,;(0, x) = By ;(h, x) = 0. (4.13)

By (x) is assumed to be given by (4.11).
Thus (4.4) takes now the form:

2
L{u]= 4, [Kz {[1 - (%) - pp,zc:| B, sin ¢ +(1 —ppi)B+Byy}
+ K{20p,Cyt(pp:)sC} + (Bo sin ¢+B)xx] +
+ K ¥4 [K*{C,,+(1-pp2) C} — K {2p,(B, sin ¢+ B),
+ pxx(BO Sin ¢+B)}+Cxx] = 0 .

(4.14)

The recursive set of equations is

ppi=1~— <%>2= 1-¢*(x),

Clyy+q2 (X)Cl = 2px(B0 Sin ¢)x+pxx(B0 SiIl ¢) H (415)

B2yy+q2(x)B2 = *prxclx—(ppx)xcl_(BO Sin ¢)xx >
etc.

The equation for C; has the same form as that of (3.17b) therefore we encounter here the
same problem as in Section 3: C, (x, y)=0, and from (4.6) we may obtain a “weak” uniform
solution. The problem indicates once again coupling between modes in order to satisfy the
specified boundary conditions.

Taking cos ¢ instead of sin ¢ we may deal in exactly the same way with Neumann boundary
conditions.

The “impedance” boundary conditions problem (egs. (2.1) (2.2)) can also be solved by a
uniform asymptotic expansion.

The proposed form of the solution is:

u=sin ¢;[BA,(—K*p)+ K * CAj(—K*p)] (4.16)
+ sin ¢,[DA(~K*p)+ K3 B4~ K¥p)], |

hence

u=[Bsin ¢, +D sin ¢,]4,(—K?p)+ K~*[C sin ¢, +E sin $,] 4/(—K*p),
where

$1(x, ) =qx)(y—hi(x)), da(x, y)=q(x)(y—hy(x)).
We assume that B, C, D, E have the following asymptotic expansions:

B(x,y; K) ~ Bo(x) + Y By;(x, y) K™% ;
j=1
D(x, y; K) ~ Do(x) + Z D,;(x, y) K™
} 7=0 (4.17)

C(xa J’= K) ~ Z C2j+1(xn y)K_(2j+1)

j=0
E (xa }7, K) ~ Z E2j+1(xa y)K_(2j+ 2 .

ji=0

Substituting (4.16) into the operator
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2 2
[a + K? 82+K{l u=0,

ox? Oy
we have:
1
— 4. 2 e 2 5 4 . :
Llu] = 4; {K [(1 q*—pp32)(Bsin ¢, + D sin ¢,) + sin b, 3y + (C, sin ¢ )
+ — L ¢ D, sin ¢,)| + K[2pp,(C sin ¢, +E sin ¢,) +
SlIl ¢ a ( :l ppx 1 2/x

+(ppx)<(C sin ¢+ E sin ¢,)]+(B sin ¢, + D sin ).,
1 0

+ K°t4 {Kz [(l—qz—ppi)(c sin ¢, +E'sin ¢;) + sin ¢ 5y( e
L 95 —~ K[2p,(Bsin ¢,+ D sin ¢,)
v 8y( sin? ¢ ):I [2p,(B sin ¢, + D sin ¢,),

+ p.x(Bsin ¢y + D sin ¢,)]+(C sin ¢, + E sin d)z)xx} =0.

Using (4.17) we get a recursive set of equations:

ppi=1—¢*(x),

1 0 .
sm ¢ ay (Cly SIH ¢ ) 2px(B0 Sln ¢ ) +pxxB0 sm (»bl s
1 0 . .
(Ely sin ¢2) 2.Dx(DO sin ¢2)x+pxxD0 sin ¢2 )
sin ¢, 6y
- (4.18)
sin ¢, 3 (B2, sin®$,) = —2pp.(C, sin ¢1),—(pp,)<C; sin ¢; — By sin ¢, ,
1 9 . . o
SlIl ¢2 ay (DZy Sln d’z) = _zppx(El sin ¢2)x_(ppx)xE1 sin ¢2—D0 sin ¢2 s
ete.
Substituting (4.16) in the boundary conditions (2.7) we get:
A;(—K%p) {KZ[(By sin ¢+ D, sin ¢, +Bq cos ¢+ Dq cos ¢,) +
h;
+ iZ;®;(B sin ¢y + D sin ¢,) ] — Kppx(fl (Csin ¢, +E sin ¢,) +
dh; . :
- (Bsin ¢, + D sin d)Z)x} + (4.19)

+ Aj(—K%p)K™* {Kz[(Cy sin ¢, +E, sin ¢,+Cq cos ¢, + Eq cos ¢,) +

. . dh; . .
+ iZ;®,(C sin ¢, +E sin ¢2)]+prd—x’ (B sin ¢y +D sin ¢,) +

dh;
—d—xi(C sin g, +E sind)z)x} =0 j=1,2

o [ ()]

has been used instead of D; in (2.2) (j=1, 2) to prevent confusion with D(x, y; K) used here.

where
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Using (4.17) we get a recursive set of equations. Equating to zero the coefficient of K? we get :

B, 1, cosqy+ip,Z, Snay
M| = 0 where M = . 1 (4.20)
Dy ‘ cos gy —ig,Z, smqqy , 1
and y=h, —h,.
Thus det (M)=0, which leads to
2
4919, 2,2,
— -[cot =jy— 127172 .
[y(x)q(x)]-[cot(gy)] =iy AW (4.21)
exactly as in (2.14).
For lower powers of K we have
. . . dh .
E,,singy+C,q+E g cosqy+i(Z,P,E, singy)+p, d_xl Dysingy=0

on y=h,(x)
. , . dh, .
—C,,singy+Cq cosqy+E q—i(Z,9,C, smqy)——pr;Bo singy =0
on y="h,(x). (4.22)

A comparison of thefirst two equationsin(4.18) with (2.14a, b)and equations(4.22) with (2.18a, b)
show that these equations have exactly the same form, and the solution obtained there may be
immediately used here. The difference is that in the uniform expansion formulas p, appears,
which is finite at cut-off points, while in the ordinary asymptotic expansion ¢, appears, which
become zero at these points. Thus, our expansion is indeed uniform in the sense that it is regular
across the turning point (or cut off point).

It may be interesting to make some remarks about the structure of our Ansatz (4.16) and
(4.12). In general both have the same structure ; the Airy function is multiplied by a series of
even powers of K plus its derivative multiplied by a series of odd powers of K. For problems in
thin domains, this structure seems to be suited well to remove the singularities of the ordinary
asymptotic expansion. This approach could in all probability be used for vector Helmholtz
equation as well. Such equations appear in problems of electromagnetic and elastic wave
propagation.

Comparing Ansatz (2.8) with (4.16) we see at once that 4,e™®” may be compared with By A;-
(—K?%p), while A, ¢ has to be compared with C, - 4;(— K?*p) and so on. Eq. (4.18) demon-
strates the coupling that exists between the coefficients B,, and C,, (and also D,, and E,,).

iKo

5. The Canonical Problem

By a “canonical problem” we understand a simple problem belonging to the class of problems

we are dealing with, to which an exact solution can be found. We shall compare the asymptatic

expansion of the exact solution with the expansions we obtained in Sections 3, 4. This compari-

son will serve as a check for the Ansatz we use for all the problems belonging to the same class

and to which we do not have exact solutions. As a matter of fact, the asymptotic expansion of

exact solutions often serve as a motivation for the Ansatz used for wider classes of problems.
We choose the following canonical problem:

(V*+K*u=0in D
u=0 on dD

where V2=09?/0x*+8%/8Y?, and the region D is defined by 0 < x< c0, 0< Y < H(x), with
H(x)=ax, >0 (see Fig. 2 on page 104). According to our assumptions of “thin domain”
a=0o'/K, o/ =const.

(5.1)
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The exact solution is
u= AH"(Kr) sin (v0) (52)

where 8, is measured in radians, tan 6,=«, and v=n=n/0,.
The asymptotic expansion we are looking for is to be valid far from the origin. Since we are
working in thin domains the angle of inclination has to be small. Therefore we may assume:

fo=a and x >1 hence r=x. (54)

The first term in the asymptotic expansion of H{Y(x) for (x—v)* > x is [§]

HY(x) ~ <;2;>% (l - ;vi>’%. exp i{ ':(1 — ;T—— %-cos‘li—]— g} + 0 (;t—) (5.5)

For (x—v)? = O(x) a uniform asymptotic expansion has to be used. 8 is real and positive hence:
cos 'y=—icosh y"'=—iln [y+(y*—1)*]. Thus

e~ () o ) 1= ]

x {%}E + <(Kv—;z~ - 1) l}_ exp {in [1 - (%) T} +0 <%) . (56)

Using the results of Section 3 we compute the first term in the expansion for the problem
defined by (5.1). On the boundary Y = H (x)=0x becomes y=h(x)=K - ax. Hence by (3.5) we
have

N

N

() = S N ()i = %{[(KX)Z-VZ]%—VZ tan~1 [(?)2 - 1}

- @b T

To get Ay(x), we use (3.10) and obtain:

| o

[

v

Ao (x) = const. (Kx)”%[ 1 - ( E)Z :‘_ . (5.8)
Since, by (54)

~ Y
e (59)
we get '
sin Y~ mn il
o = § 0y " (5.10)

For a more compact expression of eX*™® we use the identity

=) G T

thus
1 . /nm0
u ~[ Ay(x)+0 (E):, - sin (%—)
2 3+ 2 33—V
e R S
Choosing the constant in v

2 1
A < iz
olx) as —exp ( 14>
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we see immediately the identity of (5.11) with (5.6) multiplied by sin (nn6/6,). Hence we estab-
lished the asymptotic correspondence of the first term in the exact solution with the first term
in our Ansatz.

The same correspondence can be found between the first term of the uniform asymptotic
expansion of the exact solution (5.2) and the first term calculated by the method of Section 4.
We shall give the details in Appendix B.

6. Numerical Results

We demonstrate the method presented in this work, with a numerical example. For the sake
of simplicity we solve a problem with Dirichlet’s boundary conditions. The domain with
y=0 and y="h(x), where

10 for x = 0
h(x) = {10e™™ for 0<x<1 (6.1)

10/e for x =21

Using the formulas obtained in Sections 3 and 4, we compute the first term in the ordinary
asymptotic expansion and in the uniform asymptotic expansion in the interval (0.1) and com-
pare their behaviour. From (3.5) it is easily seen that there are at most three propagating modes.
The second and the third mode have their turning points in the discussed interval. The turning

point of each mode is computed by equating to zero the right hand side of (3.5). A,(x) as given

10.00

h(X)

I 1 { ] i i | 1 1 1 1 I | 1 ]
6.00 100

0.00

Figure A. The surface y=h(x) (Equation (6.1)).

200

1

Ao(X)

1 1 1 1 i | J
O'OCO.OO x LI2
Figure B. The zero order coefficient 44(x) of the propagating modes (ordinary expansion).

The dependence on sin ¢ is not shown in the following figures.
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by (3.10) breaks down at the turning points while the first term of the uniform expansion behaves

smoothly.
Since the terms of the asymptotic expansion are defined up to a multiplicative constant, the

figures presented have different y scales.

2.40-

— st mode
- ——-- 2nd mode
—-—- 3rd mode

—

-160 1 1 1 1 |
1.00
X

Figure C. The zero order approximation of the three propagating modes (ordinary expansion).

cea
’— st MODE

- 0.6 1 1 1 1 1 1 i
0.00 . Li2

Figure D. The zero order approximatio'n of the Ist propagating mode (uniform expansion).

0.29r
2nd MODE
L
=
-0l6 | 1 L 1 1 1 i
0.00 x L2

Figure E. The zero order approximation of the 2nd propagating mode (uniform expansion).
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0.24r
3rd MODE
=]
- 1 1 1 !
0.6 600
X

)
L2

P. Rosenau, B. Rulf

Figure F. The zero order approximation of the 3rd propagating mode (uniform expansion).

Y
H) (X}
R
X
Ha(X)
y
hy(x)
R
X
ha(x)
Figure 1.
Y
aon =2

90’1’0(’— 14 <

al
a=i a'= CONST.

Figuré 2.
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Appendix A

We calculate now explicitly Ay(x) and B, (x) of Section 2. From egs. (2.19a, b) we have

Ay(x) iZ,D, .
——— = ax)= — cos — sin , Al
B ) (x) (av) () (A1)
We can solve the set of equations (2.20) observing that
T, €4
det( ) - 0. (A2)
T3, Ca
One may see this by comparing it with the matrix M in (2.13). We obtain:
D(x) Bo(x)+ Bo(x) =0 (A3)
where
(@i +diotd'e)Co~Cyla,+dyata'e)
D(x) =
&) (by+ae)Co~Cy(by+ae,) ’ (Ad)
and
o = 4 a(x). Hence
= .
By (x) = expl: - g D(x’)dx’:l. (AS)
X0
The coefficients a;, b, etc. which appear in eq. (2.20) are
/1.’ 1 1 L7 O-/ ’ !
a(x)=o"h} — M[a +o'h, + E(q hy—(hyq)) cos(2qy) +
O_Iql . . 0_/’ — IO_/
— 57 sin{2qy) | — y(q cot(qy)—iZ, D,) [(q“zq) cot(gy) +
2q , 2q
+ 0 L4 y—h (A6)
2q 2
—d  dy .
bi(x) = —5+— — — [q cot(qy)+iZ,D,] cot A7
1) = o3 @ [4 cot(gy)+iZ, D1 ] cot(qy) (A7)
¢1(x) = q cot(qy)+iZ, D, (A8)
Ly, 4 N 1
= — - =0
)= < q ) sin (q7) 49)
er(d) = —2 A10
P gsin(gy) (A10)
a3(x) = —d;(x) : (A11)
by(x) = —ey(x) (A12)
_ 4
C2(x) = — = @) (A13)
dy(x) = 'l — ———|o"+d'h + Z,(h —(hyq)) cos(2qy) + ﬂlisin(Zq )
2 2 sin’ (gy) gt 29° !
. _O_H + IO_/ ’
+7(—g cot(qy)+iZ, D) [——‘2% cot(gy) — o’ (Q‘% v+h’1>] (A14)
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ey(x) = ﬁy—) - ZqX [ —q cot(qy)+iZ,D,] cot(qy) (A15)
k) = Sinq(cm (A16)
ry(x) = —qcot(gy)+iZ,D,. (A17)

Appendix B

We showed in Section 5 that the asymptotic expansion of the exact solution of our canonical
problem agrees with the asymptotic solution of that problem. In this appendix we shall show
that the uniform asymptotic expansion of the exact solution agrees with the uniform asymptotic
procedure of Section 5. The exact solution exists in the whole domain but, as already stated,
whenever we are in the neighborhood of the turning point, our ordinary expansion breaks
down and we have to use a uniform asymptotic expansion. The (u.a.e.) of H{V is [8]:

3 (4. (o233
H51>(vz)~2e-ni/3< 4 2) {A‘(e 0, } (B.1)
1-z vi
where
— 2\
%ér%:]nl_ﬂ_l;f_) (1 z )% (B.2a)
(== (2>~ 1)t~ cos™! (%) (B.2b)

and the branches being chosen so that £ is real when z >0.
We take z=Kx/v and it is easily seen that for (B.2a) we get

(e ]

For (B.1) we have
2 * lZn/3 %
H31>(Kx)~2e-’=i/3< &y ) { (e } (B.4)

vZ—(Kx)? v¥

Applying now the results of Section 4 we calculate explicitly the first term in the uniform
expansion. From (4.8) we get:

2

e[l [ () o)
{ 23K[((Kx) V)t —y tan ! ((%’f)z - 1>; ] } (B.S)
From (4.11) we get:
Bofe) = [h)pu()] = [ b = L[] 9
Therefore, the first order approximation is
ute.y: B~ sin (%F0) Bo() A=K ) ®)

where p(x) and By(x) are given by (B.5) and (B.6).
Comparing (B.3) and (B.5) we have:

= — (Efp(x)_ (B.8)

v
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Using this in (B.4) we get

Kx)?—v?

Apart from a constant we are now able to identify (B.7) with (B.9), multiplied by sin (fnn/a).
Hence we established the equivalence of the first term in the asymptotic expansion of the exact
solution with the first term of the uniform Ansatz.

The term K* appearing in (B.9) requires explanation : It arises from the fact that the uniform
expansion of the Hankel function (B.1) has 4;(—e*™/* K*p), while we used in the Ansatz (4.1)
or (4.12) 4;,(—K?*p).

Far from the turning point, the first term of our uniform-Ansatz (4.3) reduces to the first
term of the ordinary-Ansatz. Recalling that

HY(Kx)~2-2%- e”"“,: (——&)——T {K%Ai(—ez"”3 K3p)+ } : (B.9)

1
() ~ g sinGrt + )
and taking n=K?*p(x), we get

1 3
Comparing the eiconal equation (3.5) with that of (4.5) we see that
3pi)=ov), (BA1)

with the constant of integration chosen to be zero.
Now B, (x) is given by (4.11)

Bot) =300 =[ e b ] = oo o)) B.12)

where g =nn/h(x) and the two last relations follow from (4.5) and (3.5) respectively. Using
(3.10) we get:

B, (x) = const. p(x)** Ag(x) . (B.13)
Hence, from (B.10) and (B.11) we get:
A;(— K?*p) By (x) ~ const. A (x) Ko ~im/4 (B.14)

By this we established the equivalence of the first terms in both expansions, far from the
turning point.

Since equation (B.14) applies to the general surface h(x), it applies particularly to the
canonical problem, which is a special case.

It is impossible to continue the matching higher order terms of the expansion of the exact
solution with corresponding terms of the asymptotic solution. To see this, let us focus our
attention again on the first terms in both expansions.

The exact solution is u= H(Kr)sin v6. For (Kr—v)? > Kr we have

ot~ () = G e (- )T et 13]

(B.15)
which should be compared to (5.11).

The first terms equivalence in both asymptotic expansions has been done under replacement
of r in (B.15) by x. However, expanding r in a Taylor series we have:

1Y2
r=x2+ngx(1 Tyt )
Using this approximation in (B.15) we have, by repeated use of Taylor’s expansion,
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2 v2 :I_i 2 [ v:E# ( 1y?
PR [ — >~ |1 — . L 1 H 2/..2
K [ &7 = ks ( Kx)z] 1 12t higher order terms in y*/x ) )

Using y=KY we get

ol @] el -G T - S )]

We see that by extracting from (B.15) the Y dependence we get back to the (5.6) relation but
now terms dependent on y add to higher order terms as in K. Therefore A;(x, y){j >1) in the
asymptotic theory cannot correspond to the j-th term of the exact solution expansion, and one
has to add to it these extracts from the first term whose denominator contains K in the j-th
power.
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